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Abstract 
In this paper, we develop a framework for valuing real options and portfolios of real options in 

incomplete markets and show that it is a consistent generalization of contingent claims analysis, 

which is conventionally used for real option valuation in complete markets. The development of a 

framework for incomplete markets is motivated by the difficulty to construct replicating portfolios 

in practice, especially for projects that lead to innovative new products, which seldom share 

similarities with existing market-traded assets. The framework relies on (i) a decision-tree-based 

mixed asset portfolio selection model, which is able to capture managerial flexibility and relevant 

opportunity costs, and (ii) the concepts of opportunity buying and selling prices, which are extended 

from the notions of breakeven buying and selling prices. The use of a portfolio model is necessary, 

because in incomplete markets the value of a real option depends on the investor’s preference 

model, the available budget, and on other assets in the portfolio, including the real options they 

contain. We demonstrate the use of the model through a series of numerical experiments and 

compare the results to Capital Asset Pricing Model prices and Black-Scholes values. 
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1 Introduction 
The current literature on project valuation acknowledges that management’s flexibility to adapt later 

decisions to unexpected future developments can substantially raise the value of projects (Dixit and 

Pindyck 1994, Trigeorgis 1996, Copeland and Antikarov 2001). This operational flexibility shares 

similarities with financial options, and consequently the term “real option” has been adapted to refer to 

project flexibility. For example, possibilities to expand production when the markets are up, to abandon a 

project under bad market conditions, and to switch operations to alternative production facilities can be 

seen as options embedded in a project. 
 

A real option can substantially add value to a project. However, the acquisition of additional flexibility 

may incur a cost as well. Therefore, the ability to analyze and value real options is of crucial importance 

to achieve an optimal allocation of resources. In the literature, options pricing analysis, or contingent 

claims analysis (CCA; Black and Scholes 1973, Merton 1973, Luenberger 1998, Hull 1999), is typically 

used to value real options. This approach is, however, limited by the assumption that markets are 

complete, i.e., that the cash flows of each project can be replicated using market-traded securities. Such a 

replication can be difficult for research and development (R&D) projects that produce innovative new 

products, because by nature these products are often dissimilar to existing market-traded assets. 

Acknowledging this limitation, researchers have developed methods capable of valuing projects when 

project cash flows cannot be replicated (e.g., Smith and Nau 1995; De Reyck, Degraeve, and Gustafsson 

2003; De Reyck, Degraeve, and Vandenborre 2003). 
 

De Reyck, Degraeve, and Gustafsson (2003), hereafter referred to as DDG, propose a framework for 

valuing projects in a setting where the investor can invest in a portfolio of projects as well as in securities 

in financial markets, but where the project cash flows cannot necessarily be replicated using securities. In 

this paper, we extend this framework to projects that include real options and show how the framework 

can be used to value flexibility and real options. The methodology is applicable regardless of whether 

markets are complete or incomplete, and it can be used to value single real options as well as portfolios 

of interacting real options. It also supports a large variety of preference models, from expected utility 

theory to mean-risk models. We show that this framework is a consistent generalization of CCA and 

demonstrate the use of the framework through a series of numerical experiments. 
 

The remainder of this paper is structured as follows. Section 2 reviews the basic methodology used in 

real options valuation. Section 3 presents the mixed asset portfolio selection model that forms the basis 

of the valuation procedure developed in Sections 4, 5, and 6. Section 7 applies the procedure in 

numerical experiments, and Section 8 draws conclusions. 
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2 Review of Real Option Valuation 
An “option” is the right, but not the obligation, to take an action at a predetermined date in the future, at 

a predetermined cost, upon the revelation of specific information. Management’s ability to adapt the way 

in which a project is carried out can be seen as a collection of such options. The literature gives several 

examples of these real options; the most common types are summarized in Table 1. 

 

Table 1. Some common real options. 
 

Real option Description Uncertainty Later decision Strike price 
Option to defer Wait and make the decision 

after the outcome of 
uncertainty is known. 

Any Any Immediate cost of 
the action taken 

Time-to-build 
option 

Staged investment. Possibility 
to start a new stage of the 
project at a cost after the 
current stage has finished. 

Outcome of the 
current project 
stage 

Starting of a new 
stage of the project 

Investment cost of 
the new stage 

Option to alter 
operating scale 

Ability to adjust operating 
scale at a cost later on. 

Any Change of operating 
scale (e.g. expand or 
shrink production) 

Immediate cost 
imposed by change 
of operating scale 

Option to 
abandon 

Possibility to terminate the 
project and obtain a salvage 
value. 

Any Project termination Salvage value 

Growth option An investment possibly 
opening up new investment 
opportunities later on. 

Emergence of a 
new project idea 

Investment in a new 
project 

Cost of a new 
project 

 

The logic behind real options can be described using decision trees (Hespos and Strassman 1965, Raiffa 

1968, French 1986, Clemen 1996), which define the points at which decisions can be taken and the way 

in which they are related to unfolding uncertainties (see, e.g., Faulkner 1996 and Smith and Nau 1995). 

Taken together, the decision opportunities in a decision tree define the available project management 

strategies and consequently the possible cash flow streams that can be obtained with the project. When 

the appropriate risk-adjusted discount rate is known, the net present value (NPV) method can be 

employed to derive the present value of any risky cash flow stream, including the ones obtained from 

decision trees under each possible project management strategy. However, the selection of an appropriate 

discount rate is problematic, because the rate depends on (a) the risk of the project, which is influenced 

by the correlation of the cash flows with other investments in the portfolio, and on (b) the opportunity 

costs imposed by alternative investment opportunities. 

 

Several methods for calculating discount rates have been proposed, most notably (i) the weighted 

average cost of capital (WACC; Solomon 1963, Brealey and Myers 2000), (ii) expected utility theory 

(von Neumann and Morgenstern 1947), (iii) Capital Asset Pricing Model-based project valuation (De 
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Reyck, Degraeve, and Vandenborre 2003), and (iv) CCA (see, e.g., Merton 1973 and Luenberger 1998). 

These methods are, however, applicable only in specific settings. First, WACC is appropriate only for 

average-risk projects in the company. Second, expected utility theory, which can be used to determine a 

risk-adjustment to the discount rate, values projects in isolation from other investment opportunities and 

hence fails to account for opportunity costs imposed by other projects and securities in financial markets. 

Third, a CAPM-based discount rate requires that the CAPM assumptions (Sharpe 1964, Lintner 1965) 

hold, which may be problematic when the investor is an expected utility maximizer rather than a mean-

variance optimizer. Also, the results from DDG indicate that project valuations based on the CAPM may 

not be accurate, because lumpy projects are not included in the derivation of the CAPM market 

equilibrium. Fourth, CCA relies on the assumption that it is always possible to replicate the cash flows of 

a project in each possible state of nature using market-traded securities. In practice, it can be difficult to 

construct replicating portfolios for private projects. 

 

The limitations of CCA have raised a need for a methodology that is applicable to real option valuation 

when markets are incomplete. Smith and Nau (1995) propose a model for valuing single projects which 

explicitly accounts for security trading and managerial flexibility. However, it does not provide direct 

guidelines for valuing real options embedded in a project or for incorporating portfolio effects. Using a 

portfolio selection model, DDG introduce a valuation method that is applicable when the investor can 

invest in a portfolio of private projects as well as in securities in financial markets. It does not, however, 

consider the existence of real options. In the following, we extend this model to capture managerial 

flexibility and show how it can be used to value real options in incomplete markets. 

3 Portfolio Model 
When markets are complete, real option values are uniquely defined for each asset. In incomplete 

markets, however, the values depend on several aspects of the valuation context. The main factors 

include (i) the investor’s preference model, (ii) the available budget, (iii) other assets in the portfolio, 

which influence the aggregate portfolio risk, and (iv) alternative investment opportunities, which impose 

opportunity costs. Therefore, it is necessary to use a portfolio model in the valuation of real options in 

incomplete markets. 

 

Following DDG, we model the valuation setting as a two-period mixed asset portfolio selection (MAPS) 

problem involving two kinds of assets: projects and securities. As opposed to DDG, where the investor 

chooses only between starting and not starting projects, the present model allows projects to be managed 

according to several project management strategies. These strategies can be modeled by associating a 

decision tree with each project, describing the investor’s decisions at times 0 and 1, and their relationship 
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to the uncertainty about the state at time 1 (see Figure 1). Securities can be bought in any, possibly 

fractional quantities, and their prices are determined by the CAPM. 

 

Project k

Action 1

Action 2

Action AA

State 1

State 2

State l

Action 1

Action AAA

Action 1

Action AAA

Action 2

Action 2

Action 1

Action 2

Action AAA

.

.

.

...

...

...

1
,1,A ction  k lA

1
,1,2A ction  kA

1
,1,1A ction  kA

0 1 Time

+

+
0A ction  kA

...

 

Figure 1. A generic decision tree for project k in the MAPS model. 
�

 denotes a collapsed branch. 

 

A decision node can be modeled by associating a zero-one variable with each action in the node and by 

requiring that only one of them can be equal to one at a time (Gustafsson and Salo 2003). In the absence 

of further uncertainty, optimal actions in the last time period are trivial: a rational investor always 

chooses the action that yields maximum cash flow. Hence, we can omit decision variables for time 

period 1 and assume that the investor chooses the action with maximum value. 
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Let there be n securities, m projects, and l states of nature. Projects are flexible in the sense that, for each 

project k, the investor can choose one of the actions { }0 01,...,k ka A∈  at time 0. Given the earlier action 

0
ka  and the realized state s at time 1, the investor can then choose one of the actions 

{ }0 0
1 1

, , , ,
1,...,

k kk a s k a s
a A∈  at time 1 (see Figure 1). Prices of securities are denoted with 0 , 0,...,iS i n= , and 

the amounts of securities in the portfolio by , 0,...,ix i n= . The 0-th security is the risk-free asset. The 

random cash flow of security i at time 1 is 1
iS
�

.  

 
The investment cost of project k when action 0

ka  is selected is denoted by 0
0
, kk a

C , and the corresponding 

random cash flow at time 1 by 0
1

, kk a
C
�

. The cash flow of project k at time 1, when (i) the investor chooses 

action { }0 01,...,k ka A∈  at time 0, (ii) state s realizes, and (iii) the investor takes action 

{ }0 0
1 1

, , , ,
1,...,

k kk a s k a s
a A∈  at time 1, is denoted by ( )0 0

1 1
, , ,

,
k kk a k a s

C s a . Since we know that the investor chooses 

the action with maximum value at time 1, random variable 0
1

, kk a
C
�

 can be expressed by taking maximum 

over the actions at time 1 in each state { }1,...,s l∈ . That is, the outcome of 0
1

, kk a
C
�

 in state s is 

( ){ }0 0 0 0 0
1 1 1 1 1

, , , , , , , ,
( ) max , 1,...,

k k k k kk a k a k a s k a s k a s
C s C s a a A= = . A binary variable 0, kk a

z  indicates whether action 

{ }0 01,...,k ka A∈  of project k is selected or not. To simplify the notation, let us denote 0
ka a= . 

 

Several types of preferences over risky mixed asset portfolios can be expressed using a preference 

functional U (cf. DDG). For example, under expected utility theory an investor’s preferences are given 

by U[X] = E[u(X)], where u is the investor’s von Neumann-Morgenstern utility function. Using the 

functional U, a MAPS model maximizing the investor’s terminal wealth can be formulated as follows: 
0

1 1
, ,,

0 1 1

max
kAn m

i i k a k a
i k a

U S x C z
= = =

� �
+

� �� �� �
	 	
	

x z

� �
 (1) 

subject to 
0

0 0
, ,

0 1 1

kAn m

i i k a k a
i k a

S x C z B
= = =

+ =
� ��

 (2) 

0

,
1

1 1,...,
kA

k a
a

z k m
=

= =
�

 (3) 

{ } 0
, 0,1 1,..., 1,...,k a kz a A k m∈ = =   

 free 0,...,ix i n= ,  

where B is the budget. Here, Equation (2) is the budget constraint and Equation (3) ensures that only one 

action can be selected at each decision point. The expression inside U in (1) is the investor’ s (random) 

terminal wealth level. 
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The mean-risk version of the MAPS model is expressed slightly differently. Let ρ  be the investor’ s risk 

measure and R the risk tolerance, the maximum acceptable level of risk. The mean-risk variant is then 

obtained by (i) replacing the preference functional by the expectation operator, resulting in the objective 

function 
0

1 1
, ,,

0 1 1

max
kAn m

i i k a k a
i k a

E S x C z
= = =

� �
+

� �� �� �
� �
�

x z

� �
, 

and (ii) adding the risk constraint for the terminal wealth level 
0

1 1
, ,

0 1 1

kAn m

i i k a k a
i k a

S x C z Rρ
= = =

� �
+ ≤

� �� �� �
� �
�� �

. 

4 Analyzing Real Option Values 
The value of a real option can be determined by solving the portfolio selection problems where the 

analyzed project contains and does not contain the real option (see Figure 2). The case without the real 

option corresponds to the traditional NPV case, where the project has only a single strategy, to which the 

investor commits herself for the duration of the project. With the real option, the investor may opt to 

make a decision later, using additional information and a possible new strategy given by the real option. 

 

 

Basic Project
(traditional NPV)

Basic Project with
Option to Defer

Project with
Real Options

Project with
Alternative Strategies

Strategy Value

O
pt

io
n 

V
al

ue

Real Option Value

 

Figure 2. Real option value and its two components. 

 

Since a real option gives the right to take an action after the revelation of information (Howard 1996), 

there are two elements in a real option that yield value. First, by providing an additional strategy for the 

project, such as the possibility to expand production, a real option yields strategy value. Second, by 

allowing the investor to choose the project management strategy later, when the uncertainty has been 

resolved, the real option yields option value. Option value, or the value of waiting, is analogous to the 
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expected value of perfect information (EVPI, Raiffa 1968). A real option that does not yield a new 

strategy is an option to defer, containing only option value. The two components of real option value are 

illustrated in Figure 2. Moving down the vertical axis implies that the investor can wait until the 

uncertainty is resolved and then make a decision, for example, about starting the project. Moving 

horizontally to the right means that the investor is able to implement additional strategies. Strategy value 

and option value embedded in a real option can be calculated by comparing the settings on the horizontal 

axis and on the vertical axis, respectively. 

5 Buying and Selling Prices 
The value of a real option can be defined as the lowest price at which a rational investor would be willing 

to sell the real option if he or she held it, and as the highest price at which he or she would be willing to 

buy the real option if he or she did not hold it. The concepts of breakeven selling and buying prices have 

been used to calculate analogous values for projects (Luenberger 1998, Smith and Nau 1995). DDG 

formulate portfolio selection problems for computing these prices for projects that do not contain real 

options. Using the model presented in Section 3, we extend this formulation to projects with real options. 

The resulting optimization problems for mean-risk optimizers are given in Table 2. Here, the action 

associated with not starting the project is indexed with 1. 

 

In Table 2, breakeven selling and buying prices are determined by the amount of money that makes the 

investor indifferent between the situations where he/she starts and does not start the project. With the 

breakeven selling price, this sum is obtained by first solving the portfolio selection problem where the 

investor starts the project and then solving another optimization problem where the investor does not 
start the project, but where an amount s

jv , the selling price, is added to the budget instead. The latter 

problem is optimized iteratively by varying s
jv  until its optimal value matches that of the first portfolio 

selection problem. The breakeven buying price is computed similarly except that the investor does not 
start the project in the status quo and b

jv , the buying price, is subtracted from the budget in the second 

setting. 
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Note that breakeven prices can be negative, since they include an obligation to start the project if it is 

acquired. A negative breakeven price implies that the investor would lose money by starting the project. 

Since an option entails the right but not the obligation to take an action, for valuing real options we need 

selling and buying prices that rely on comparing the situations where the investor can and cannot invest 

in the project (instead of does and does not). The lowest price at which the investor would be willing to 

sell an opportunity to start a project can be obtained from the definition of the breakeven selling price by 

removing the requirement to start the project in the status quo, i.e. by removing Equation (1.5) in Table 

Table 2. The definition of the value of a flexible project j for mean-risk optimizers. 
 

 Breakeven selling price Breakeven buying price 
Definition s

jv  such that W W− +=  b
jv  such that W W− +=  

Status  
quo 

Investor invests in the project 
0

1 1
, ,,

0 1 1

max
kAn m

i i k a k a
i k a

W E S x C z+

= = =

�  
= +

! "! "# $
% %
%

x z

& &
(1.1) 

subject to 

  
0

0 0
, ,

0 1 1

kAn m

i i k a k a
i k a

S x C z B
= = =

+ =
' '('

                (1.2) 

 
0

1 1
, ,

0 1 1

kAn m

i i k a k a
i k a

S x C z Rρ
= = =

) *
+ ≤

+ ,+ ,- .
/ /
/0 0

          (1.3) 

 
0

,
1

1 1,...,
kA

k a
a

z k m
=

= =
1

                         (1.4) 

,1 0jz = , i.e. start the project                  (1.5) 

{ } 0
, 0,1 1,..., , 1,...,k a kz a A k m∈ = =   (1.6) 

   free 0,...,ix i n=                                 (1.7) 

Investor does not invest in the project 
0

1 1
, ,,

0 1 1

max
kAn m

i i k a k a
i k a

W E S x C z−

= = =

2 3
= +

4 54 56 7
8 8
8

x z

9 9
 (3.1) 

subject to 

  
0

0 0
, ,

0 1 1

kAn m

i i k a k a
i k a

S x C z B
= = =

+ =
: ::

                 (3.2) 

 
0

1 1
, ,

0 1 1

kAn m

i i k a k a
i k a

S x C z Rρ
= = =

; <
+ ≤

= >= >? @
A A
AB B

           (3.3) 

 
0

,
1

1 1,...,
kA

k a
a

z k m
=

= =
C

                          (3.4) 

 ,1 1jz = , i.e. do not start the project          (3.5) 

{ } 0
, 0,1 1,..., , 1,...,k a kz a A k m∈ = =      (3.6) 

  free 0,...,ix i n=                                   (3.7) 
Second 
setting 

Investor does not invest in the project 
0

1 1
, ,,

0 1 1

max
kAn m

i i k a k a
i k a

W E S x C z−

= = =

D E
= +

F GF GH I
J JKJ

x z L L    (2.1) 

subject to 

  
0

0 0
, ,

0 1 1

kAn m
s

i i k a k a j
i k a

S x C z B v
= = =

+ = +
M M
M

         (2.2) 

  
0

1 1
, ,

0 1 1

kAn m

i i k a k a
i k a

S x C z Rρ
= = =

N O
+ ≤

P QP QR S
T T
TU U

          (2.3) 

 
0

,
1

1 1,...,
kA

k a
a

z k m
=

= =
V

                          (2.4) 

,1 1jz = , i.e. do not start the project         (2.5) 

{ } 0
, 0,1 1,..., , 1,...,k a kz a A k m∈ = =   (2.6) 

   free 0,...,ix i n=                                 (2.7) 

Investor invests in the project 
0

1 1
, ,,

0 1 1

max
kAn m

i i k a k a
i k a

W E S x C z+

= = =

W X
= +

Y ZY Z[ \
] ]
]

x z

^ ^
 (4.1) 

subject to 

  
0

0 0
, ,

0 1 1

kAn m
b

i i k a k a j
i k a

S x C z B v
= = =

+ = −
_ _
_

          (4.2) 

  
0

1 1
, ,

0 1 1

kAn m

i i k a k a
i k a

S x C z Rρ
= = =

` a
+ ≤

b cb cd e
f f
fg g

          (4.3) 

 
0

,
1

1 1,...,
kA

k a
a

z k m
=

= =
h

                          (4.4) 

,1 0jz = , i.e. start the project                   (4.5) 

  { } 0
, 0,1 1,..., , 1,...,k a kz a A k m∈ = =    (4.6) 

   free 0,...,ix i n=                                  (4.7) 
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2. We define this price as the opportunity selling price of the project. Likewise, the opportunity buying 

price of a project can be obtained be removing the starting requirement in the second setting, i.e. 

Equation (4.5) in Table 2. It is the highest price that the investor is willing to pay for a license to start the 

project. Opportunity selling and buying prices have a lower bound of zero, and they can be computed by 

taking a maximum of 0 and the respective breakeven price, as shown by the following proposition. The 

proof is given in Appendix A. 

 

PROPOSITION 1. The opportunity selling (buying) price of a project is the maximum of 0 and the 

breakeven selling (buying) price of the project. 

 

Breakeven selling and buying prices, as well as opportunity selling and buying prices, are not, in general, 

equal to each other. While this discrepancy is accepted as a general property of risk preferences in 

expected utility theory (Raiffa 1968), it also seems to contradict the rationality of these valuation 

concepts. It can be argued that if the investor were willing to sell the project at a lower price than at 

which he/she would be prepared to buy it, the investor would create an arbitrage opportunity and lose an 

infinite amount of money when another investor repeatedly bought the project at its selling price and sold 

it back at the buying price. In a reverse situation where the investor’ s selling price for a project is greater 

than the respective buying price, the investor would be irrational in the sense that he/she would not take 

advantage of an arbitrage opportunity – if such an opportunity existed – where it would be possible to 

repeatedly buy the project at the investor’ s buying price and sell it at a slightly higher price below the 

breakeven selling price.  

 

However, these arguments neglect the fact that the breakeven prices are affected by the budget and that 

therefore these prices may change after obtaining the project’ s selling price and after paying its buying 

price. Indeed, it can be shown that in a sequential setting where the investor first sells the project (adding 

the selling price to the budget) and then buys the project back, the investor’ s selling price and the 

respective (sequential) buying price are always equal to each other. This observation is formalized as the 

following proposition and it holds for any preference model accommodated by the portfolio models in 

Section 3. The proof is given in Appendix A. Table 3 summarizes the differences between breakeven, 

opportunity, and sequential buying and selling prices. 

 

PROPOSITION 2. The investor’s breakeven selling (buying) price and sequential buying (selling) price 

are equal to each other. 
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Table 3. A summary of an investor’ s buying and selling prices. 
 

Valuation concept Idea Difference from 
breakeven prices 

Properties 

Breakeven buying 
and selling prices 

Comparison of settings where 
the investor does and does not 
invest in the project. 

- Breakeven buying price and 
selling price are in general 
different from each other. 

Opportunity buying 
and selling prices 

Comparison of settings where 
the investor can and cannot 
invest in the project.  

The investor is not obliged 
to invest in the project. 

Lower bound of 0. Equal to 
maximum of 0 and the 
respective breakeven price. 

Sequential buying 
and selling prices 

A setting where the investor first 
sells (buys) the project at its  
breakeven selling (buying) price 
and then buys (sells) it back at 
the prevailing breakeven buying 
(selling) price. The latter price is 
the sequential buying (selling) 
price. 

The budget used to 
calculate the sequential 
buying (selling) price is the 
original budget plus the 
selling price (minus the 
buying price).  

Breakeven selling (buying) 
price and the sequential 
buying (selling) price are 
equal to each other. 

6 Valuing Real Options with Opportunity Buying and Selling Prices 
The value of a real option and a portfolio of real options can be determined using opportunity buying and 

selling prices and a portfolio selection model with three actions at time 0, (i) Do not start the project, (ii) 

Start the project without the real option(s), and (iii) Start the project with the real option(s). Note that 

when the project involves real options other than the one(s) being valued, action 2 corresponds to a 

variant of the project that contains all the real options except the one(s) being valued. This setting can be 

extended to capture projects that have several alternative strategies at time 0 by introducing a new action 

for each additional time-0 strategy. 

 

Let us assume that the project is indexed with j and that the binary decision variables associated with the 
actions are ,1jz , ,2jz , and ,3jz , respectively. When the investor is a mean-risk optimizer, the opportunity 

selling and buying prices for the real option(s) can be obtained from Table 2 by (i) removing constraints 

(1.5) and (4.5), implying that we are using opportunity prices instead of breakeven prices, and (ii) 
replacing constraints (2.5) and (3.5) with the constraint ,3 0jz = , meaning that the investor cannot use the 

valued real option(s) in the respective settings. 

 

The value of a real option depends on whether the project contains other real options or not. The value 

obtained from opportunity selling and buying prices is, in general, the real option’ s added value, which is 

determined relative to the situation without the option. Note that the project without the real option may 

still contain other real options. When there are no other real options in the project, or when we remove 

them from the model before determining the value of the real option, we speak of the real option’ s 

isolated value. We define the respective values for a portfolio of real options as the joint added value and 

joint value (see Figure 3). 
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Figure 3. Different types of valuations for real options. 

 

When several real options are available in a project, isolated real option values are, in general, non-

additive; they do not sum up to the value of the portfolio composed of the same real options. However, in 

a sequential setting where the investor buys the real options one after the other using the prevailing 

buying price at each time, the obtained real option prices do add up to the joint value of the real option 

portfolio. These prices are the real options’  added values in a sequential buying process, where the 

budget is reduced by the buying price after each step. We refer to these values as sequential added 

values. This sequential additivity property holds regardless of the order in which the real options are 

bought. Individual real options can, however, acquire different added values depending on the sequence 

in which they are bought. These observations are proven by the following proposition. The proof is in 

Appendix A. 
 

PROPOSITION 3. The opportunity buying (selling) prices of sequentially bought (sold) real options add 

up to the opportunity buying (selling) price of the portfolio of the real options regardless of the order in 

which the real options are bought (sold). 
 

Another important property of opportunity selling and buying prices for real options is that, when 

markets are complete, the prices are equal to each other and give the same result as CCA. The CCA price 

for the real option(s) is given by 

     { } { },1 ,2 ,3 ,1 ,2max , , max ,CCA CCA CCA CCA CCA
j j j j jv v v v v− , 

where ,
CCA
j av  indicates the CCA value for action a of project j, i.e. 0 0

, ,
0

n
CCA
j a j a i i

i

v C S x∗

=
= − + i , where ix∗  is 

the amount of security i in the replicating portfolio. The consistency property, formalized in Proposition 

4, holds for all standard preference models captured by the portfolio models in Section 3. The proof is in 
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Appendix A. 
 

PROPOSITION 4. When markets are complete, opportunity selling and buying prices for a real option are 

equal to its option pricing value. 
 

This property is particularly significant, because it indicates that the valuation procedure using 

opportunity selling and buying prices is a generalization of the conventional real options valuation 

procedure based on CCA. 

7 Numerical Experiments 
In the previous sections, we have developed a procedure for valuing real options and portfolios of real 

options in incomplete markets and showed that this procedure is a consistent generalization of CCA. In 

this section, we demonstrate the valuation procedure through a series of numerical experiments and cast 

light on the following issues: 

Q1. How are opportunity buying and selling prices for real options related to CAPM market prices 

and Black-Scholes prices (Black and Scholes 1973, Merton 1973)? 

Q2. When are opportunity buying and selling prices consistent with CCA in incomplete markets? 

Q3. How are opportunity buying and selling prices influenced by the degree of risk aversion? 

Q4. How is the value of a real option related to option value and strategy value? 

Q5. When are real option values additive? 

7.1 Experimental Setup 
The experimental setup consists of eight equally likely states of nature, three projects, and two securities 

constituting the market. The prices and cash flows associated with each of the securities and projects are 

given in Tables 4 and 5. The numbers in italic are computed values. The expected rate of return of the 

market portfolio is set to 15.33% so that the CAPM price of security 2 is $20, the price used by Smith 

and Nau (1995). The standard deviation of the market portfolio is 35.32%. In the base case, the projects 

have only one possible project management strategy yielding the cash flows in Table 5. This case 

corresponds to the traditional NPV valuation.  
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Table 4. Securities. 
 

 Security 
 1 2 
Shares issued 15,000,000 10,000,000 
State 1 $60 $36 
State 2 $50 $36 
State 3 $40 $12 
State 4 $30 $12 
State 5 $60 $36 
State 6 $50 $36 
State 7 $40 $12 
State 8 $30 $12 
Beta 0.79 1.64 
Market price $39.56 $20.00 
Capitalization weight 74.79% 25.21% 
Expected rate of return 13.76% 20.00% 
St. dev. of rate of return 28.26% 60.00% 

 

Table 5. Projects with the basic project management strategy. 
 

 Project 
 A B C 
Investment cost $80 $100 $104 
State 1 $150 $140 $180 
State 2 $150 $140 $180 
State 3 $150 $150 $60 
State 4 $150 $110 $60 
State 5 $50 $170 $180 
State 6 $50 $100 $180 
State 7 $50 $90 $60 
State 8 $50 $90 $60 
Beta 0.000 0.431 1.637 
Market price $12.59 $11.33 -$4.00 
Expected outcome $100 $123.75 $120 
St. dev. of outcome $50 $28.26 $60 

 

In Tables 5–8, the market price indicates the CAPM price of each asset if it were traded in financial 

markets, being infinitely divisible and having a negligible market capitalization. Note that project C is 

the one used by Smith and Nau (1995) and Trigeorgis (1996). The risk-free interest rate is 8%. 

 

Table 6 describes several alternative strategies for the projects and the associated cash flows. We assume 

that, in addition to the basic strategy, project A can be abandoned (indicated by a), yielding the 

investment cost back at time 1, or expanded (denoted by e), or both. The expansion strategy doubles the 

project output at a cost of $120, which is paid at time 1. The abandonment strategy is inherently 

unprofitable and is included here only for the sake of comparison with projects involving real options 
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(the abandonment option will be profitable). Project B can be abandoned and expanded at a cost of $100. 

Project C can be expanded at a cost of $120. 
 

Table 6. Projects under alternative project management strategies. 
 

 Project 
 A/a A/e B/a B/e C/e 
Investment cost $80 $80 $100 $100 $104 
State 1 $80 $180 $100 $180 $240 
State 2 $80 $180 $100 $180 $240 
State 3 $80 $180 $100 $200 $0 
State 4 $80 $180 $100 $120 $0 
State 5 $80 -$20 $100 $240 $240 
State 6 $80 -$20 $100 $100 $240 
State 7 $80 -$20 $100 $80 $0 
State 8 $80 -$20 $100 $80 $0 
Beta 0.000 0.000 0.000 0.737 3.683 
Market price -$5.93 -$5.93 -$7.41 $30.07 -$15.11 
Expected outcome $80 $80 $100 $147.50 $120 
St. dev. of outcome $0 $100 $0 $56.51 $120 

 

The cash flows of the projects having one real option, when the optimal strategy is chosen in each state, 

are given in Table 7. An asterisk (*) indicates that the project contains a real option, i.e. that the project 

has an additional strategy, as well as the option to defer the decision to implement that strategy. In order 

to be able to compare the results with Trigeorgis (1996), we also examine project C with an option to 

defer (denoted by d). The investment cost when deferred is 1.08 $104 $112.32⋅ = . Optimizations in the 

following were carried out by using the discrete time formulation in Appendix B and the GAMS 

software package. 
 

Table 7. Projects with one real option. 
 
 Project 
 A*a A*e B*a B*e C*e C*d 
Investment cost $80 $80 $100 $100 $104 $0.00 
State 1 $150 $180 $140 $180 $240 $67.68 
State 2 $150 $180 $140 $180 $240 $67.68 
State 3 $150 $180 $150 $200 $60 $0.00 
State 4 $150 $180 $110 $120 $60 $0.00 
State 5 $80 $50 $170 $240 $240 $67.68 
State 6 $80 $50 $100 $100 $240 $67.68 
State 7 $80 $50 $100 $90 $60 $0.00 
State 8 $80 $50 $100 $90 $60 $0.00 
Beta 0.000 0.000 0.360 0.670 2.009 3.683 
Market price $26.48 $26.48 $14.11 $32.84 $18.22 $25.07 
Expected outcome $115 $115 $126.25 $150 $150 $33.84 
St. dev. of outcome $35 $65 $25.46 $56.32 $90 $33.84 
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7.2 Single Real Options 
Let us first examine the case where each project contains one real option. When valuing such an option, 

we have to bear in mind that real options present in other projects can influence its value, because real 

options can alter the correlation between projects as well as the opportunity costs. In this experiment, we 

assume that projects A and B have an expansion option and project C a deferral option. Table 8 describes 

the additional cash flows that the options in Table 7 yield compared to the basic projects, as well as the 

associated CAPM market prices. The cash flows for project C’ s deferral option have been calculated by 

moving the investment cost of the basic project to time 1 by increasing it with the risk-free interest rate. 

Observe that the CAPM market prices for options on project B satisfy the put-call parity (Merton 1973, 

Hull 1999): a portfolio consisting of an expansion option, a shorted abandonment option, and cash equal 

to $100 /1.08 $92.59=  is worth $111.33, the price of the underlying asset. 

 

Table 8. Additional cash flows from real options for basic projects. 
 
 Real Option 
 a on A e on A a on B e on B e on C d on C 
State 1 $0 $30 $0 $40 $60 $0 
State 2 $0 $30 $0 $40 $60 $0 
State 3 $0 $30 $0 $50 $0 $52.32 
State 4 $0 $30 $0 $10 $0 $52.32 
State 5 $30 $0 $0 $70 $60 $0 
State 6 $30 $0 $0 $0 $60 $0 
State 7 $30 $0 $10 $0 $0 $52.32 
State 8 $30 $0 $10 $0 $0 $52.32 
Beta 0.000 0.000 -2.455 1.911 3.683 -2.455 
Market price $13.89 $13.89 $2.78 $21.51 $22.22 $29.07 
Expected outcome $15 $15 $2.50 $26.25 $30 $26.16 
St. dev. of outcome $15 $15 $4.33 $25.46 $30 $26.16 
Type of option Put Call Put Call Call Put 
Price of underlying 
asset 

$92.59 $92.59 $111.33 $111.33 $100 $100 

Strike price $80 $120 $100 $100 $120 $112.32 
Volatility 54% 54% 25.38% 25.38% 60% 60% 
Black-Scholes price $10.05 $13.70 $3.71 $22.45 $19.82 $26.22 

 

Table 8 also gives the option values using the Black-Scholes call option formula (Black and Scholes 

1973, Luenberger 1998, Hull 1999). Put option values have been obtained by solving the Black-Scholes 

value for the corresponding call option and then using put-call parity. The prices for the underlying assets 

have been computed from Table 5 by adding the investment cost to the listed market price. Volatility is 

calculated accordingly. The resulting values differ from the CAPM market prices, because the Black-

Scholes formula models uncertainty using a geometric Brownian motion, assuming a lognormal 
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distribution for returns and a continuous-time framework. While these assumptions may be realistic for 

market-traded assets, they may not be suitable for private projects, which may have only a few discrete 

outcome scenarios. Also, since the CAPM assumes that the assets being valued are infinitely divisible, 

the investor’ s opportunity selling and buying prices are more appropriate measures of real option value. 

 

In the following, we assume that the investor is a mean-variance optimizer for the sake of comparability 

with the CAPM. Under this preference model, the opportunity buying price and selling price for any 

project are the same. The budget is set at $500. The mean-variance investor’ s risk tolerance is defined 

with respect to a percentage of this budget; e.g. a risk tolerance of 25% implies that the maximum 

allowed standard deviation is $125. 

 

Table 9 gives the opportunity buying and selling prices for each real option as a function of the investor’ s 

risk tolerance. We can observe that real option values converge towards their CAPM market prices as the 

investor’ s risk tolerance goes to infinity, except for project C, where the options are priced at their 

market value minus $4. This discrepancy is due to the fact that without the real option the investor does 

not start the project, and hence the comparison value is $0 rather than –$4, the value of project C. The 

real options on project C are priced constantly to their CCA values due to the existence of a replicating 

portfolio, which can be constructed from security 2 and the risk-free asset for all cash flow patterns 

yielded by project C. 

 

Table 9. The real options’  isolated opportunity selling and buying prices for a mean-variance investor. 
 

Risk level a on A e on A a on B e on B e on C d on C
10% $0.00 $0.00 $2.96 $18.85 $18.22 $25.07
20% $16.46 $9.60 $3.40 $17.40 $18.22 $25.07
30% $15.25 $12.08 $3.09 $19.79 $18.22 $25.07
40% $14.85 $12.66 $2.99 $20.34 $18.22 $25.07
50% $14.64 $12.94 $2.94 $20.61 $18.22 $25.07

100% $14.25 $13.44 $2.86 $21.08 $18.22 $25.07
1000% $13.92 $13.84 $2.79 $21.47 $18.22 $25.07

10000% $13.89 $13.88 $2.78 $21.51 $18.22 $25.07
100000% $13.89 $13.89 $2.78 $21.51 $18.22 $25.07

Real option value

 

 

Except for very low risk levels, the prices of abandonment options decrease as the investor becomes less 

risk averse. This results from the fact that these options have a negative correlation with the rest of the 

investment portfolio, implying that they lower the risk of the portfolio, increasing the value of the option 

for risk averse investors. Note that the beta of the abandonment option on A is zero, even though it has a 

negative correlation with the portfolio (especially with project A itself); this is explained by the fact that 
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beta measures the correlation of the option with market securities only rather than with the entire mixed 

asset portfolio. Zero real option values at a 10% risk level result from the fact that the portfolio with 

project A exceeds the allowed risk limit with or without the real option. The irregularities at a 20% risk 

level are caused by the change in the composition of the investor’ s security portfolio, which is necessary 

to reduce the portfolio risk enough to allow the inclusion of the project into the portfolio. These 

irregularities are caused by the lumpy nature of the investment opportunities, and could play a major role 

when valuing real-life projects. 

 

The real option values in Table 9 are separated into strategy and option values in Tables 10 and 11, 

respectively. We observe that strategy value is zero for all options except for the expansion option on B. 

This is because the basic project management strategy is more profitable than the alternative strategy in 

all cases except for the expansion strategy for project B. So except for the expansion option on project B, 

it is the option component of the real options, i.e. the possibility to make the strategy decision with more 

information, that creates value, not merely the strategy contained within the real option. 

 

In Tables 9 and 11, we can also observe that the option value for the expansion option of project B and 

the price of the abandonment option of project B converge to the same value. This is because an 

expansion option is essentially only a deferral option for a project using the expansion strategy; in 

particular, the option yields the same additional cash flows for the multi-strategy project as the 

abandonment option yields for the basic project. 

 

Table 10. Strategy values for the real options with respect to a basic project. 
 

Risk level a on A e on A a on B e on B e on C d on C
10% $0.00 $0.00 $0.00 $15.47 $0.00 $0.00
20% $0.00 $0.00 $0.00 $13.31 $0.00 $0.00
30% $0.00 $0.00 $0.00 $16.59 $0.00 $0.00
40% $0.00 $0.00 $0.00 $17.28 $0.00 $0.00
50% $0.00 $0.00 $0.00 $17.62 $0.00 $0.00

100% $0.00 $0.00 $0.00 $18.20 $0.00 $0.00
1000% $0.00 $0.00 $0.00 $18.68 $0.00 $0.00

10000% $0.00 $0.00 $0.00 $18.73 $0.00 $0.00
100000% $0.00 $0.00 $0.00 $18.73 $0.00 $0.00

Strategy value
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Table 11. Option values for the real options with respect to a multi-strategy project. 
 

Risk level a on A e on A a on B e on B e on C d on C
10% $0.00 $0.00 $2.96 $3.38 $18.22 $25.07
20% $16.46 $9.60 $3.40 $4.09 $18.22 $25.07
30% $15.25 $12.08 $3.09 $3.20 $18.22 $25.07
40% $14.85 $12.66 $2.99 $3.06 $18.22 $25.07
50% $14.64 $12.94 $2.94 $2.99 $18.22 $25.07

100% $14.25 $13.44 $2.86 $2.88 $18.22 $25.07
1000% $13.92 $13.84 $2.79 $2.79 $18.22 $25.07

10000% $13.89 $13.88 $2.78 $2.78 $18.22 $25.07
100000% $13.89 $13.89 $2.78 $2.78 $18.22 $25.07

Option value

 

 

In summary, we observed that, due to different underlying assumptions, Black-Scholes prices do not 

coincide with CAPM values or opportunity buying and selling prices [Q1]. Also, if a replicating portfolio 

exists for a project, its real options are priced to their CCA values at all risk levels [Q2]. In addition, we 

observed that, in the present setting, the opportunity prices for negative-beta options decrease with 

increasing risk tolerance, while those with positive beta increase. However, we also observed that the 

values of options with a zero beta could either increase or decrease depending on how the options were 

correlated with the project portfolio. Indeed, this suggests that the convergence behavior is determined 

by the option’ s correlation with the entire mixed asset portfolio rather than by its correlation with market 

securities only [Q3]. In each case, as long as the value of the basic project was positive, the values of real 

options converged to their CAPM market prices [Q1]. At low risk levels, the lumpy nature of the 

investment opportunities sometimes resulted in erratic option values [Q3]. Finally, the results showed 

that the value of a real option can originate either from strategy value or from option value [Q4]. For 

example, the value of the expansion option on project C was mainly due to its option component. In 

contrast, the primary source of value for project B’ s option to expand was the new expansion strategy, 

not the option component. This last point is important since in practice, real options are sometimes 

praised for the extra value they create, although it could actually be the strategic component contained in 

the real option that creates value, not the fact that you have an option on implementing that strategy. 

7.3 Real Option Portfolios 
We will now consider the case where each project includes all available real options. The resulting cash 

flows and CAPM market prices for the projects are given in columns 2–4 of Table 12. Additional cash 

flows from the real option portfolios with respect to the basic projects are given in columns 5–7. 
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Table 12. Cash flows for projects with two real options and for real option portfolios. 
 

 Project Real option portfolio 
 A*ae B*ae C*de ae on A ae on B de on C 
Investment cost $80 $100 $0.00 N/A N/A N/A 
State 1 $180 $160 $127.68 $30 $40 $60 
State 2 $180 $160 $127.68 $30 $40 $60 
State 3 $180 $180 $0.00 $30 $50 $52.32 
State 4 $180 $110 $0.00 $30 $10 $52.32 
State 5 $80 $220 $127.68 $30 $70 $60 
State 6 $80 $100 $127.68 $30 $0 $60 
State 7 $80 $100 $0.00 $30 $10 $52.32 
State 8 $80 $100 $0.00 $30 $10 $52.32 
Beta 0.000 0.584 3.683 0.000 1.411 0.204 
Market price $40.37 $26.09 $47.29 $27.78 $24.29 $51.29 
Expected outcome $130 $141.25 $63.84 $30 $28.75 $56.16 
St. dev. of outcome $50 $42.56 $63.84 $0 $23.15 $3.84 

 

Notice that the option portfolio on A yields a constant cash flow of $30, hence the market price $27.78. 

Also, observe that (isolated) market prices for the real options are additive (Table 8). However, this is not 

the case in general (Trigeorgis 1996); additivity stems here from the fact that, in each state, the cash 

flows of the real option portfolio are the sum of the cash flows of the individual options [Q5]. As a trivial 

example of nonadditivity of market prices, consider a portfolio of two mutually exclusive expansion 

options (e.g., two alternative technologies), one of which allows the investor to double production at the 

price of $100 and the other one does the same at the price of $120. Clearly, the option with a higher 

strike price does not yield additional value and hence the market price of the option portfolio will be 

equal to the market price of the less expensive option, even though both of the options are valuable in 

isolation. Although isolated market prices are generally non-additive, sequential added market prices 

always exhibit additivity because of the linearity of the CAPM. Sequential prices are obtained from a 

sequential process, where each real option’ s additional cash flows are computed from the situation that 

prevails after adding the previous option. 
 

Table 13 shows the opportunity buying and selling prices for the real option portfolios. Apart from the 

10% risk level, the real option portfolio on A is priced constantly, because it can be replicated using the 

risk-free asset. The portfolio is priced at $0 at a 10% risk level, because project B is preferred to A and a 

portfolio including both projects A and B violates the risk constraint. The price of the real option 

portfolio on C is constant, because of the presence of the twin security. 
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Table 13. Real options’  joint opportunity selling and buying prices for a mean-variance investor. 
 

Risk level ae on A ae on B de on C
10% $0.00 $22.10 $47.29
20% $27.78 $22.24 $47.29
30% $27.78 $23.18 $47.29
40% $27.78 $23.50 $47.29
50% $27.78 $23.68 $47.29

100% $27.78 $23.99 $47.29
1000% $27.78 $24.26 $47.29

10000% $27.78 $24.29 $47.29
100000% $27.78 $24.29 $47.29

Real option portfolio

 
 

As expected, isolated real option values (Table 9) do not sum up to the joint values in Table 13. In 

columns 2–7 of Table 14, we have calculated the real options’  added values by comparing the setting 

where the investor has both real options to the setting where he/she has only the other, non-valued real 

option. However, even these values, when coupled with the isolated value of the other real option from 

Table 9, do not exactly add up to the joint values in Table 13, except for project C. The reason for this 

discrepancy is that we have used the budget of $500 to calculate each of the values. To obtain 

sequentially additive values we have to modify the budget to accommodate the first real option’ s buying 

or selling price. For example, when calculating the opportunity selling price of abandonment option on A 

at 40% risk level, we would use the budget of $512.66, the original budget plus the selling price of the 

expansion option (Table 9). The resulting sequential added values are given in four rightmost columns in 

Table 14. The added and sequential added values for options on C are the same due to the existence of a 

replicating portfolio. Note that values for these options are now $4 higher than the isolated values in 

Table 9, because the value of the project with one real option is positive and hence the options are priced 

to their market values in Table 8. 
 

In summary, real options’  isolated opportunity prices, as well as CAPM market prices, are non-additive 

in general. However, both opportunity prices and CAPM market prices are sequentially additive [Q5]. 
 

Table 14. Real options’  added opportunity selling and buying prices for a mean-variance investor. 
 

Risk level a on A e on A a on B e on B e on C d on C a on A e on A a on B e on B
10% $0.00 $0.00 $3.25 $19.14 $22.22 $29.07 $0.00 $0.00 $3.25 $19.14
20% $17.71 $11.51 $3.39 $19.04 $22.22 $29.07 $18.18 $11.32 $4.84 $18.84
30% $15.61 $12.59 $3.08 $20.17 $22.22 $29.07 $15.70 $12.53 $3.39 $20.09
40% $15.07 $12.97 $2.99 $20.56 $22.22 $29.07 $15.12 $12.93 $3.16 $20.51
50% $14.80 $13.17 $2.94 $20.77 $22.22 $29.07 $14.84 $13.14 $3.07 $20.74

100% $14.33 $13.54 $2.86 $21.15 $22.22 $29.07 $14.34 $13.53 $2.91 $21.13
1000% $13.93 $13.85 $2.79 $21.48 $22.22 $29.07 $13.94 $13.86 $2.79 $21.47

10000% $13.89 $13.89 $2.78 $21.51 $22.22 $29.07 $13.90 $13.89 $2.78 $21.51
100000% $13.89 $13.89 $2.78 $21.51 $22.22 $29.07 $13.89 $13.89 $2.78 $21.51

Added value Sequential added value
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8 Summary and Conclusions 
In complete markets, the value of a real option can be determined by creating a replicating portfolio, 

which results in a unique value. In incomplete markets, however, a real option’ s value depends on (i) the 

investor’ s preference model, implying that risk neutral, risk averse, and risk seeking investors may value 

the real option differently, (ii) the investor’ s budget, and (iii) other assets in the portfolio, including the 

real options they contain. Therefore, it is necessary to consider the investor’ s entire investment portfolio 

when valuing real options in incomplete markets. 

 

The valuation framework presented in this paper relies on a decision-tree-based mixed asset portfolio 

selection model and the concepts of opportunity buying and selling prices, which were extended from 

breakeven buying and selling prices. We showed that, when markets are complete, opportunity buying 

and selling prices are consistent with option pricing values. Also, we showed that these prices are 

rational valuation measures in the sense that they exhibit (i) sequential consistency, meaning that a real 

option’ s selling price equals its sequential buying price and vice versa, and (ii) sequential additivity, 

which implies that the sum of values of sequentially bought real options is equal to the joint value of the 

portfolio of these real options. 

 

We also highlighted that there are two sources of value in a real option: option value and strategy value, 

the former of which is analogous to the expected value of perfect information (Raiffa 1968). The latter 

results from a new strategy that is contained within the real option. To examine the sources of value for a 

real option, we proposed the examination of four types of projects, (i) the basic project having only a 

single strategy, (ii) the multi-strategy project having the same strategies as the project with the real 

option(s) but where the strategy is selected at the beginning of the project, (iii) the basic project with an 

option to defer, and (iv) the project with the real option(s). 

 

In our numerical experiments, we compared opportunity buying and selling prices to CAPM market 

prices and Black-Scholes prices. Black-Scholes values differ from other valuations, because the formula 

assumes geometric Brownian motion and a continuous-time framework. In the context of private 

projects, such assumptions may not be realistic. On the other hand, CAPM market prices are typically 

appropriate only for market-traded assets that are infinitely divisible, and hence they may give biased 

results if applied to the valuation of lumpy real options. 

 

The numerical experiments indicate that when the investor is a mean-variance optimizer, real options’  
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opportunity buying and selling prices converge towards CAPM market prices as the investor’ s risk 

tolerance goes to infinity, provided that the price of the basic project is non-negative. The results suggest 

that the prices of real options with a positive correlation with the rest of the portfolio grow by risk 

tolerance, while those with a negative correlation can decrease. Hence, CAPM-based real option 

valuation may give biased estimates of real option value, because beta measures only correlation with 

market-traded securities rather than with the entire mixed asset portfolio. Some of the numerical results, 

such as the convergence of opportunity buying and selling prices to CAPM market prices, can potentially 

be shown to be general properties of opportunity selling and buying prices in a mean-variance setting. 

Also, formal examination of the conditions under which the prices decrease and increase by risk 

tolerance remains as a topic of further research. 
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Appendices 

A. Proofs of Propositions 1–4 
Proof of Proposition 1: The opportunity selling (buying) price is defined in the same way as in breakeven 

selling (buying) price, except that the requirement to start the project in the status quo (in the second setting) 

is removed. Let j indicate the project being valued. At optimum, there are two different alternatives for the 
value of variable ,1jz  in the status quo (in the second setting), 0 and 1. If the variable equals 0, by definition 

s
jv  ( b

jv ) is equal to the respective breakeven selling (buying) price. This also implies that the price is 

nonnegative. If the variable equals 1, the optimization problems in the status quo and in the second setting 
are identical, and hence 0s

jv =  ( 0b
jv = ). This completes the proof. Q.E.D. 

 
Proof of Proposition 2: Let the breakeven selling price for the project be s

jv . The budget constraint used to 

determine the sequential buying price is then 
0

0 0
, ,

0 1 1

kAn m
s

i i k a k a j
i k a

S x C z B v
= = =

+ = +
j j
j

 in the status quo ( ,1 1jz = ) 

and 
0

0 0
, ,

0 1 1

kAn m
s sb

i i k a k a j j
i k a

S x C z B v v
= = =

+ = + −
k k
k

 in the second setting ( ,1 0jz = ), where sb
jv  is the sequential 

buying price. Let s sW W− +=  be the optimal value for the optimization problems with the breakeven selling 

price and sb sbW W− +=  be the optimal values for the optimization problems with the sequential buying price. 

By definition, sbW −  = sW −  and therefore also sbW +  = sW + . Thus, it follows that s sb
j jB v v B+ − = , or 

sb sb
j jv v= . A similar reasoning shows the equality between the breakeven buying price and the respective 

sequential selling price. Q.E.D. 
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Proof of Proposition 3: Let us begin with the breakeven buying price and a setting where the project does 

not involve real options and the budget is B. Suppose that there are n real options that the investor buys 

sequentially. Let us denote the optimal value for this MAPS problem by W0. Suppose then that the investor 

buys a real option, indexed by 1, at his or her opportunity buying price, 1
bv . Let us denote the resulting 

optimal value for the MAPS problem by W1. By definition of the opportunity buying price, W0 = W1. 

Suppose then that the investor buys another real option, indexed by 2, at his or her opportunity buying price, 

2
bv . The initial budget is now 1

bB v− , and after the real option 2 is bought, it is 1 2
b bB v v− − . By definition, 

the optimal value for the resulting MAPS problem W12 is equal to W1. Add then the rest of the real options in 

the same manner. The resulting budget in the last optimization problem, which includes all the real options, 

is 1 2 ...b b b
nB v v v− − − − . We also know that W12…n = W12…n–1 = … = W0, and therefore, by definition, the 

opportunity buying price of the portfolio including all the real options is 12... 1 2 ...b b b b
n nv v v v= + + + . By re-

indexing the real options and using the above procedure, we can change the order in which they are added to 

the portfolio. In doing so, the options can obtain different values, but by definition they still sum up to the 

same joint value of the portfolio. Similar logic proves the proposition for opportunity selling prices. Q.E.D. 

 

Proof of Proposition 4: Let us first examine the opportunity selling price. Suppose then that action 1 (do not 

start the project) or action 2 (basic project) is selected in the status quo. Then, the optimization problems in 

the status quo and the second setting are effectively identical, and hence the opportunity selling price is equal 

to 0. Also CCA gives a value of 0 for the real option in this case. Suppose then that action 3 (project with 

real options) is selected in the status quo. Then, either action 1 or 2 is selected in the second setting. If action 

1 is selected, incurring no cash flows, then the opportunity selling price is equal to the market price of the 

replicating portfolio for action 3 (investment required to generate cash flows equivalent to action 3) minus 

the investment cost of action 3 (funds released by not investing in the project). This is also the CCA price in 

the case when the value of the basic project is non-positive. If action 2 is selected, it is possible to short the 

replicating portfolio of the basic project, which nullifies the cash flows from action 2 at time 1. The situation 

is consequently as it was when action 1 was selected except that the budget has risen by the price of the 

replicating portfolio of the basic project minus the investment cost of the basic project. The cash flows of 

action 3 can again be replicated as when action 1 was selected. However, since the budget is now higher than 

with action 1, the opportunity selling price for the real option is also smaller by the difference. Hence, the 

opportunity selling price is equal to (the market price of replicating portfolio for action 3 – investment cost 

of action 3) – (the market price of the replicating portfolio for action 2 – investment cost of action 2), which 

is also the CCA price for the real option. Similar reasoning proves the proposition for breakeven buying 

prices. Q.E.D. 
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B. Discrete-Time Mean-Variance Model 
This model is an application of the general deviation-based mean-risk model presented in De Reyck, 

Degraeve, and Gustafsson (2003) with an extended capability to capture managerial flexibility. An advantage 

of this formulation is that it allows the use of any deviation-based risk measure. Let there be l states of nature 

and ps be the probability of state s. Then, the mean-variance model can be formulated as follows: 
0
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